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1 Symplectic Essentials

Definition 1.1. Let V be a finite-dimensional real vector space. A 2-form
w e /\2 V* is non-degenerate if for all non-zero v € V' there exists some v € V/
such that w(u, v) is non-zero. We then say w is a symplectic form, and (V,w)
a symplectic vector space.

Proposition 1.2. On a symplectic vector space (V,w), there exists a basis
such that in this basis (as row vectors) we have w(u,v) = uQuT where Q is a

matrixz with block form
0 Id
—Id 0"

Proof. See [2] theorem 1.1. O

As an immediate corollary, we have that the vector space V' must be even
dimensional.

Example 1.3. The standard example is R?" with the 2-form
Wy = de] VAN dyj
j=1

By proposition 1.2, any 2n-dimensional symplectic vector space can be given
a basis such that the symplectic form is of the form wy (by identifying the
tangent space to the vector space with the vector space). Then we see that

1
wgzmdxl/\dyl/\---/\dxn/\dyn

which is a non-zero top-form.

Definition 1.4. Let M be a finite-dimensional smooth manifold. We say a
2-form w € Q*(M) is non-degenerate if for every point p € M, w, € N> T* M
is non-degenerate. Furthermore, we say w is a symplectic form, and (M,w)
a symplectic manifold, if w is closed.

It might seem restrictive to only consider closed forms however we shall
see in §2 that the closure condition is crucial as otherwise the Hamiltonian
vector fields will not preserve the symplectic form. In a sense, it prohibits the
local geometry from changing too much across the vector field. For example,
on R? while f dz Ady is non-degenerate for a non-vanishing smooth function
f, it will only be closed if f is constant. Why not then force the 2-form to
be exact as well? That would be far too restrictive, precluding the manifold
from being compact.



Proposition 1.5 ([1] II.1.6). If M is a compact manifold, then there exists
no 2-form on M that is both non-degenerate and exact.

As mentioned before, a vector space must be even-dimensional to be
symplectic, thus a symplectic manifold (M, w) must also be even dimensional.
In example 1.3 we showed that w( is a non-zero top-form, therefore if w is a
symplectic form, w™ is a non-vanishing top form, thus the manifold must be
orientable. We usually scale this top-form by a factor of #

Definition 1.6. Let W be a linear subspace of a symplectic vector space
(V,w). Then we define its symplectic complement as the subspace

Wt ={ueV:wv)=0fralveW}

Note that unlike the orthogonal complement W N W+ is not necessarily
trivial. We say a subspace W is:

symplectic if W N W+ = {0},

isotropic if W C W+,

coisotropic if W+ C W,

Lagrangian if W is both isotropic and coisotropic, i.e. W = W+,
Now for a few useful lemmas about the symplectic complement.

Lemma 1.7. Let (V,w) be a symplectic vector space. If W is a subspace of
V' then
dim W + dim W+ = dim V.

Proof. Consider the map
fiVew
v = wv,)|w.
As w is non-degenerate the map

Vi Ve
v w(v,-)

is injective and thus by rank-nullity is surjective. Thus f is surjective and
its kernel is clearly W+ so again by rank-nullity

dim W + dim W+ = dim V.



Clearly W C W+ and the above lemma implies that this is an equality.

Lemma 1.8 (2] 23.3). Let (V,w) be a symplectic vector space and W a
coisotropic subspace. Then w descends to a canonical symplectic form on
W/W-.

Proof. For u,v € W define Q(u+W, v+W+) = w(u,v). This is well defined:
let a,b € W+ then

wu+a,v+0b) =w(u,v) +w(u,b) + w(a,v) +w(a,b) =w(u,v)

as W+ C W. Now suppose that u € W and w(u,v) = 0 for all v € W. Then
u € W+ thus € is non-degenerate. O

If (M, w) is a symplectic manifold, and S C M an immersed or embedded
submanifold, we say S is a symplectic submanifold if for every p € S, the
subspace T), S < T, M is symplectic. Similarly for isotropic, coisotropic, and
Lagrangian.

Example 1.9 ([2, 11]). Let M be an (possibly odd dimensional) arbitrary
n-manifold. Then we want to show that its cotangent bundle = : T* M — M
has a natural structure of a symplectic manifold. Suppose x4, ..., z, are local
coordinates on some chart U for M and z1,...,x,,&,...,&, the associated
cotangent coordinates on T*U for T* M. Then consider the element of

T*T*U given by

—da =) dz; Adg

which we know is a symplectic form on the image of T* U in R*". How do we
define this on all of T* M7 We could show that the definitions coincide on
any two coordinate charts however we can construct a coordinate independent
definition. Notice that «, a 1-form on T* U, has a similar form to a 1-form
on U. Then in the coordinates (x,€&) the map m: T*U — U is given by
m(z,&) = . Thus dr(, . T,U = T, ¢ T* U maps dz; to dz; and hence

dﬂ—(x ) fx = x g Z 5@ dxz Z 51 dxz = (z,8)-

Thus « is coordinate independent, and is called the tautological 1-form
on T* M. The symplectic form w = — da is called the canonical symplectic
form on T* M. The given the ‘tautological’ construction of o and w it is
unsurprising that these forms are natural in the sense that a diffeomorphism
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between two manifolds M and N lifts to a symplectomorphism between T* M
and T* N (see [2]). Can we give the tangent bundle a symplectic structure?
One can always choose a Riemannian metric on M and use this to give a
diffeomorphism between T* M and T M and then pullback the symplectic
form on T* M however this will not be natural — the diffeomorphism depends
on the choice of Riemannian metric.

We record some ideas about Lie group actions (mostly from [1, 11}).
Suppose G is a Lie group that acts smoothly on a manifold M. Then for a
point p € M denote the orbit space of p as G - p, and its stabiliser (a Lie
subgroup of G) as G,.

Proposition 1.10 ([1] chapter I). For each point p € M we have a smooth
map

fpG—M
g—=9g-p

mapping G onto the orbit of p. Its derivative at the identity gives us a linear
map
dfple:g—=> T, M

so that for each vector X € g we have a smooth vector field X, := dfy|.(X)
with flow exp(tX) - p. Furthermore, for X,Y € g

Proof. See [1]! O

Proposition 1.11. Suppose G is compact® and connected. Then each orbit
G-p is an embedded submanifold of M which is G-equivariantly diffeomorphic
to G/Gp. Infinitesimally, we have that T,(G - p) = g/g, as vector spaces,
where g, is the Lie algebra of G,. We also have that

gP:{Xeng:O}

Proof. See [1] Corollary I. O

'Except they state that [X,Y] = [X,Y], however this is incorrect for left Lie group
actions, see [11] Theorem 20.18. We actually have a Lie algebra anti-homomorphism
between g and X(M).

2This also holds if the action is proper.




2 Moment Maps

2.1 Hamiltonian Vector Fields

Proposition 2.1. Let (M,w) be a symplectic manifold. Then w induces a
vector bundle isomorphism between T M and T* M.

Proof. Define a map w : TM — T* M by @(v) : u +— w,(u,v) for v € T, M.
This is clearly a bundle map and smoothness of @ follows from smoothness
of w. Finally, non-degeneracy of w implies that w is bijective at each point
and thus a vector bundle isomorphism. O]

In particular, @ is a linear isomorphism between X(M) and T*(M). Thus
if we have a smooth function f € C*>(M), its derivative df lies in X*(M)
and thus w gives us a unique vector field X; € X(M) by X; = o' (df).
Equivalently, we have that ¢x,w = —df.

Definition 2.2. Let f be a smooth function on M. Then the unique vector
vector field Xy on M such that tx,w = —df is called the symplectic gradient
or the Hamiltonian vector field of f, and f is called the Hamiltonian function
for X;. We denote the vector space® of Hamitonian vector fields on M by

Recall that any smooth vector field X on M can be viewed as a derivation
of smooth functions on M. Suppose then we have two smooth functions f
and g on M. Then we can apply the Hamiltonian vector field of f to g to get
another smooth function X g, which we shall call the Poisson bracket {f, g}.
Geometrically, this measures the rate of change of g along the Hamiltonian
flow of f. This Poisson bracket interacts well with the Lie bracket as the
next proposition shows.

Proposition 2.3. Let X, Y be the Hamiltonian vector fields of f, g respec-
tiwely. Then the Hamiltonian vector field of {f, g} is [X,Y].

Proof. First we prove a lemma relating interior products and Lie brackets.

Lemma 2.4. For vector fields X and Y and a differential form v we have
that

Ux,y)Y = [Lx,yly = Lxtyy — tyLx.

3the fact that this is a vector space follows immediately from the R-linearity of ¢ and d



Proof of Lemma 2.4. For a O-form f we have that vy f, ixLf, and ¢x y) [ are
all zero as the interior product of a function is zero by definition. So the
lemma is true for O-forms. Now let v be a 1-form. We have:

[Lx,ty]y = Lxiyy — tyLx7y
= X((Y)) = tyex dy — 1y dexy
= X((Y)) = (X(v(Y)) = Y(v(X)) = ([X,Y])) = Y(7(X))
= (X, Y]) = uyxy)y

Thus the lemma is true for 1-forms. Next we notice that for a k-form « and
an [-form [ we have

Lx(aNpP)=(Lxa)\NB+aN(LxS) and
ty(a A B) = (tya) A B+ (=DFa A (1yB) gives us
[ﬁX, Ly](Oé A 6) = ([ﬁX, Ly]Oé) VAN ﬁ +a A ([ﬁx, Ly]ﬁ)

Thence by induction we have proved the lemma. O
Then

L[X,y}w
= [Lx,ty|w by Lemma 2.4
=dixtyw + tx diyw — ty dexw — tytx dw by Cartan’s
=dextyw+0+0+0 as tyw, txw, w are closed
= d(yw(X)) = d(-dg(X)) = —d(X(9))

which proves the proposition. O

Then it is not difficult to show that the Poisson bracket gives a Lie algebra
structure to C®(M).

Corollary 2.5. The vector space of smooth functions over M with the Pois-
son bracket forms a Lie algebra.

Corollary 2.6. There is a Lie algebra morphism
(C(M), {+,-}) — (X(M)), [, ])-
Let us return to Hamiltonian vector fields themselves.

Proposition 2.7. Let X be a vector field on M with Hamiltonian f. Then
f and w are preserved under the flow of X.
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Proof. For f we have
Xf=Lxf=ixdf+dixf=—txixw+d0=w(X,X)=0
as w is skewsymmetric. For w we have
Lxw=1txdw+dixw=1x0—ddf =0
as w is closed. O

The fact that w is preserved under the flow of X seems to imply that X
captures a ’'symmetry’ of our symplectic manifold. Let us make this more
precise. Suppose X is a complete vector field, i.e. it hasaflow v : RxM — M
such that for all ¢t € R the derivative of v, := v(¢,-) is X. Then for each t,
v is a diffeomorphism of M. We shall say v is a symmetry of (M, w) if for
each t, v, is in fact a symplectomorphism, i.e. w is invariant under ;.

Proposition 2.8. For X a complete vector field with flow v, Lxw = 0 iff v
is a symmetry of (M,w).

Proof. Suppose Lxw = 0. Let z € M and a € R. Then we have

0= d(Ya)s((LxW)ru ()

* d *
= d(%)w( e d(7s)3, ) (wwsma(x))))

s=0

d

= & d(’}/s-i-a);(w'Ys-&-a(w))

s=0

d

=% A7) (W) - change of variables t = s + a

t=a

Then by looking at local coordinates around = we have

d(Va), (Wra (@) = W

thus 7w = w for all @ € R, hence w is invariant under . The other direction
follows immediately from the definition of L. O

Thus a (global) hamiltonian flow is a symmetry of our symplectic mani-
fold. Note however that this only uses the fact that Lxw = 0, that is that
txw 1s closed. This motivates the next definition.

Definition 2.9. A vector field X is locally Hamiltonian if ¢ yw is closed. We
define the vector space of such



The name locally Hamiltonian arises from the fact that if tyw is closed,
then by the Poincaré Lemma it is locally ‘integrable’: for every x € M there
exists an open neighbourhood U of z and a smooth function f on U such
that f is a Hamiltonian for X|y. The natural question then is when is every
locally Hamiltonian vector field (globally) Hamiltonian? By definition X is
a (globally) Hamiltonian vector field precisely when txw is exact. By the
isomorphism X(M) — T*(M) induced by w, there is a surjection from Hjoe
to Hjr(M) and so we have a short exact sequence

0 — H(M) > Hioc y Hip(M) — 0

thus the obstruction is measured by H}x(M).

Each complete local Hamiltonian vector field X defines a lie group action
from R to M that acts symplectically — a symplectic lie group action on
M. Suppose that in addition X is globally Hamiltonian, with Hamiltonian
f- Then the level set of each regular point of f is a submanifold M and as
we have that as f is preserved by the flow of X, X is tangent to the level
sets of f. Thus each integral curve of X is a submanifold of a level set of f.
So in some sense, f parametrises the integral curves of X.

2.2 Hamiltonian Group Actions

Let G be a lie group acting on M with smooth action A : G x M — M.
Then we say G acts symplectically if for each ¢ € G, \; := A(g,-) is a
symplectomorphism, i.e. Mw = w. Then as usual with Lie groups we can
capture much of this action by passing to the lie group.

Let G be a lie group acting symplectically on M. Let X € g, then
its fundamental vector field X has flow Aexpex. Suppose further that X is
complete. Then by Proposition 2.8 we have that X is locally Hamiltonian,
an infinitesimal symmetry of w. This is a local notion however, and we would
like the symmetry that G' describes to be stronger. We would like X to be
globally Hamiltonian for each X € g. Thus we need a map fi : g — C>®(M)
such that the diagram

C=(M) «——— g
0 —— H(M) —— Hipe(M) —— Hip(M) —— 0

commutes. We also require ji to be a Lie algebra morphism. We call ji a
comoment map and if for G there exists such a comoment map we call the

8



action Hamiltonian. We denote the image of X under mu by muyx. We also
require the ‘dual’ notion to the comoment map.

Proposition 2.10. A Lie group G has a Hamiltonian action on a symplectic
manifold (M,w) if there exists a map p: M — g* such that

e for each X € g the map

o 1 15 equivariant with respect to the action of G on M and the coadjoint
action Ad" on g*.

Proof. The proof that the second item shows fi is a Lie algebra morphism

follows from [1] proposition I11.1.3, but will only be studying abelian actions.
O

Proposition 2.11. Suppose that G acts on a symplectic manifold (M,w)
with moment map p: M — g and suppose H is a Lie subgroup of G with
inclusion map 7. Then H has a Hamiltonian action on M with moment
map v :=1t"opu: M — h* where t is the Lie algebra homomorphism induced
by 7.

Proof. The action of H on M is restriction of the action of G. Then for
X € b its fundamental vector field is ¢(X). Let p be a point in M. Then

Ux(p) = (v(p), X) = (t" o u(p), X) = (u(p), t(X)) = fus(x)(p)

and fiy(x) is the Hamiltonian for ¢(X). so we only need to show H-equivariance.
We have t*oAdy x) |z = Ad ot* thus G-equivariance implies H-equivariance.
0
Example 2.12. Define the function f; : C* — R by f(z) = %’zj}g + ¢
where ¢; is some real constant. Then in coordinates (x1,y1,...,%n, Yn),
df; = z;dz; + y; dy;. We want to find its Hamiltonian vector field.
Write X = Y (Xg0/0zi + Yio/oy,). Then with w = > day A dyy we have that
txw = Y (=Yedoy + Xpdyr). Thus Xy, = —y;0/0x; + x;0/0y; is the Hamil-
tonian vector field for f. Thus the flow (¢,2) — (...,e’z;,...) of X is a
Hamiltonian R-action with moment map f;.

Example 2.13. Consider T" acting on C" by

(s ooy Uy ey ) (21, ey 2y ey Zn) = (W21, oo U2, o U Zn).



Then let & = (...,0;,...) e " =R Its flow is (t,2) — (..., e'z,...),
thus its fundamental vector field is X; = —y,0/02; + x;0/0y; with coordinates
as in example 2.12. So, its vector field is Hamiltonian with Hamiltonian f;.
Now define the map i : C" — t"™* =2 R" by

M(Z) = <f17 3 afn)(z) = 1/2("21’2 R 7|Zn‘2) + (Clv s 70”)

However fi,... f, Poisson commute i.e. their pairwise Poisson brackets are
zero and as T™ is abelian this is sufficient for i to be a comoment map and
thus 1 a moment map. The existence of u shows that every fundamental vec-
tor field associated with elements of t* is Hamiltonian and so by proposition
2.8,0 w is preserved under their flows. As T" is connected and compact its
exponential map exp : t* — T" is surjective thus a fortior: the Hamiltonian
T™ action on C™ is symplectic.

Non-Example 2.14. Consider S' = R/Z acting on T? = R?/Z? by addition
on the first factor. Then T? has a translation invariant symplectic form
dz A dy so this action is symplectic. Let 1 € s, then its fundamental vector
field on T? is 6/0s. Computing —Lg/9.w We get —dy but this is precisely the
element (0,—1) € R? = H},(T?) so there is no primitive for it. Thus the
action is not Hamiltonian.

2.3 Symplectic Reduction
Example 2.15. Consider S! acting on C" by
U (21,0005 25,y 2n) = (W2, .o U2, .., U2y
where n > 2. Then for 1 € s' we have the fundamental vector field as
1= Z (—yj0/0x; + x;0/0y;)

and thus yyw = — ) (z;dz; +y,; dy;). Hence we the action is Hamiltonian
with moment map

1
/L(Zl,...,Zj,...,Zn>:52}21,‘2_6

with ¢ € R a constant. Then du, = [x1,y1,...,%;,Yj,- ., Tn, Yn) thus any
z # 0 is a regular point for g. Then p='(0) = {z € C": Z|Zj‘2 = 2c} so for
¢ > 0 we have that x1(0) is non-empty, and as p~(0) € C"\ {0} we have
that 0 is a regular value for u, hence =1(0) is a closed submanifold of C",
topologically p~1(0) = S§**~1. Then p!(0) is odd-dimensional so it cannot
have a symplectic form.

10



However, as we will now see, u~1(0) is a coisotropic submanifold of C™.
As yyw, = —dpu, we have

(T.S' 2)** = ker yw, = kerdp, = T, u~*(0)

where z € 71(0) and S' - 2 is the orbit of z. But p is S'-equivariant hence
Stz € p=1(0) thus x~1(0) is coisotropic. Let i : u~(0) — C" be the inclusion
map. While we do not have a symplectic form on p~1(0), the pullback of w
via i gives us a closed 2-form on p71(0) and the ‘degenerate parts’ are along
the S'-trajectories. Importantly we have that S* acts freely on =1(0) so we
can remove these ‘degenerate parts’ by forming the orbit space pu=1(0)/S!
with quotient map 7 : = *(0) — p~1(0)/S*.

Theorem 2.16. Let G be a compact Lie group acting freely on a manifold
M. Then M/G is a manifold and M — M /G is a principal G-bundle.

Proof. See [2] theorem 23.4. O

Theorem 2.17. Let G be a compact Lie group with a Hamiltonian action on
a symplectic manifold (M, w) with moment map u: M — g*. Suppose that G
acts freely on p='(0). Then pu=(0)/G is a manifold. Let T be the inclusion
of n71(0) and 7 the projection from p='(0) to u=*(0)/G. Then there exists
a unique symplectic form wyeq on p~(0)/G such that

T'W = T Wred-

Proof. In order to apply theorem 2.16, we need to show that p~1(0) is indeed
a manifold. To this end, it will suffice* to show that 0 is a regular value for
p, that is for every p € u=*(0) the linear map dp,, is surjective.
We claim that im (dy,) C g* is the annihilator g) of the Lie algebra of
the stabiliser of p. We have
Xeg, < X, =0

p
wp(X,,v) =0 for all v € T, M
tx,wp(v) =0 for all v € T, M
—djix|p(v) =0forallve T, M
(dpp(v), X) =0 for allv e T, M

X € (im(dp))°

111t

4See [11] corollary 5.14.
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Thus g, = (im(dy,))° and hence g9 = im(dy,). But G acts freely® at p thus
g, = 0 and so dy,, is surjective hence 0 is a regular value for y, and so p~(0)
is an embedded submanifold. Applying theorem 2.16, we have a submersion

o 0) = p(0)/Gl

The dimension of x~1(0) is dim M — dimker dy, = dim M — dim G thus the
dimension of x1(0)/G is dim M — 2dim G.

By the first isomorphism theorem, the tangent space at a point 7(p) €
p~1(0)/G is canonically isomorphic to ker(dpu,)/ker(dr,). But ker(dm,) is
precisely the tangent space at p of the orbit G - p. By proposition 1.11,

T,(G-p) =g/g, =g

Thus if we show that the symplectic complement of ker(dy,) is g by then by
lemma 1.8 the restriction of w to ker(du,) descends to a symplectic form on
Trp) (1 (0)/G). Fix v € ker(dp,). Then for any X € g

(X, ) = (day(0), X) = .
Hence g C (ker(du,))*. By lemma 1.7 we have
dim ker(dy,)* = dim T, M —dim ker(dp,) = dim M —(dim M —dim G) = dim G

hence we have g = dimker(dyu,)*. Thus there exists a non-degenerate 2-
form wyeq on p~1(0)/G such that m*wyeq = T*w. We have that 7w = T*Wyeq
is smooth and thus by definition of the charts of p=1(0)/G (see [11]) wyeq is
smooth. The pullback commutes with the exterior derivative thus

T dwreqg = AT Wreq = d77w = 77dw = 0.

But dm, at every p is surjective thus its dual is injective hence wyeq is closed.
Suppose w’ is another 2-form such that 7*w’ = 7*w. Then 7 (wWeq — w') =0
thus by the reasoning before w,eq = w'. O

3 Delzant Spaces

We now will explore a family of ‘nice’ symplectic manifolds that have a
combinatorial description.

®We do not need G to act freely on ~1(0) to show it is a submanifold, only locally
free, i.e. G}, finite. However for the quotient we do need the free action for it to be a
manifold.

12



Definition 3.1. A toric manifold is a compact connected symplectic mani-
fold (M, w) of dimension 2n such that it has an effective Hamiltonian action
of the torus T".

Definition 3.2 (Delzant Polytope). A convex polytope A C R™ is defined
as the convex hull of finitely many points in R™. Let p be a vertex of A. We
say p is simple if there are precisely n edges vy,...,v, of A meeting at p.
We then say p is rational if for each jth edge v; meeting p, there exists some
r; € Z" such that v; lies on a ray of the form p + tr; for t > 0. Finally we
say that p is smooth if these r1,...,r, can be chosen such that they form a
Z-basis for Z". Then we define a Delzant polytope as a convex polytope A
such that each vertex p of A is simple, rational, and smooth.

In practice however, it is more useful to consider a Delzant polytope A
as a subset of (R™)*. As before, for each vertex of p € A C (R™)* we have
aset J, :={r1,...,m} C (Z")* such that they form a Z-basis of (Z")*. For

each r;,...,r;, , € J, we define u;, € Z" C R" such that (u;,,u;,) = 0 for
k =1,...,n—1. Then there exists a scalar )\;, € R such that the face of
A spanned by rj,,...,rj, , is given by the equation (u;,,x) = A;,. Then we

also impose that wu;, is primitive in the lattice Z" and is ‘inward pointing’
in the sense that A is contained in the half-space given by (u;,,z) > A, .
One can also see that uq,...,u, then form a Z basis of Z". Then we have
described A as an intersection of half space of the form

<uj7 $> > )‘j

forj=1,...,d.

3.1 Delzant Construction

Theorem 3.3 (elaborated from construction given in [6]). If A C R" is a
Delzant polytope, then there exists a toric manifold Ma such that A is the
image of its moment map.

Proof. Define the linear map 7: R? — R™ by e; — u; where ¢; is the jth
standard basis vector of R%. Set m = d —n. As 7 is surjective, we have a
short exact sequence

0 sy Rm —t 3 R T s R — 5 () .

Let P be the matrix for 7 in the standard bases. Now as both e; and u; have
integral coefficients, P is an integer matrix. Then in column echelon form,
P = QFE where Q and E are rational matrices and E is a basis change of R?.

13



Then as @ is the reduced column echelon form of P it has precisely m zero
columns. Then let J be the d by m matrix sending the basis element e, of R™
to the basis element of R that represents the kth zero column of Q. Then
J is an integer matrix and is an isomorphism from R™ to ker Q < R¢. Thus
E~'J is a rational matrix and is an isomorphism from R™ to ker P < R?.
Hence we can scale E~1'.J by an integer to make it an integer matrix with
image still ker P. Therefore we can choose ¢ such that ¢ sends integer vectors
to integer vectors. Thus we have induced maps

0 » R™ L RY T R" > 0
0 — R™/Z™ —— RY7Z = R*/Z" —— 0 (%)
I I I
™ T "

where the horizontal rows are exact. As we are dealing with finite dimensional
vector spaces the dual sequence

0 — (R")* ——— (RY)* —— (R™)* 0
is also exact. Then T¢ acts on C" Hamiltonially by
(tr, .. ta) - (21, 2q) = (2702, ... e¥™hz,)

with moment map

Y: C* — (RY)*
1
(21 za) = (2P [zal?) + (e, ca)
where (cy,...,¢cq) € (RY)* is a constant. We set ¢; = ;. Then R™ has an

induced action by its inclusion ¢ and by proposition . 2.11 its moment map
is 1* o 1p. Then we define Z = (1* 01))71(0) to be the level set at 0.

To prove any topological properties of Z we will need to show that v is
proper, i.e. the preimage of a compact set under v is compact. Suppose A is
a compact subset of (R?)*. Then by Heine-Borel, A is closed and bounded.
Then as v is continuous ) ~!(A) is closed leaving only to show it is bounded.
As A is bounded there exists a positive a € R such that if y € A then its
jth component y; has absolute value less than a. Suppose y = 9(z). Then
|zj|*+\; < a hence )~(A) is bounded and hence compact. Thus 1) is proper.

Next we want to deduce that 1 is closed. Suppose A is a closed subset of
C4, and suppose (,)n>0 is a sequence in A such that (¢ (x,)),>0 converges to
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some y in (R?)*. Then (¢(,))n>0 U {y} is compact thus its preimage under
1 is compact. However this preimage contains (z,),>o and by (sequential)
compactness there is a subsequence (z,, ) that converges to some x which is
in A, as A is closed. Finally, by continuity of ¢) we have that ¥(x) = y. Thus
we can deduce that ¢(A) is closed, so 1) is closed.

Now we wish to show Z is connected. Certainly ker:* is connected.
Suppose however that Z was not connected, so was the disjoint union of two
closed sets A and B. However, each fibre of ¢ is connected (being a product
of circles and points) thus ker ¢* is the disjoint union of ¥(A) and ¢ (B) which
are closed, contradiction. Hence Z is connected.

Next we claim Z is compact. Firstly we observe that

yeimy <= (e;,y) >\ Vi=1,...,d.

This is because if y = ¥(z) then the jth component of y is |z;|* + \; which
is greater or equal to A; — on the other hand, if the jth component y; of y
is greater or equal to A; for all j then ¥(v/y1 — A1,.. ., Vya — Aa) = y. Now

consider im 7* Nim. Then
y €imnr*Nimy <= y=n"(x) for some x € (R")*
and (ej,y) >\, Vj=1,....d

< y=7"(x)and (e;, 7" (z)) > \; Vji=1,...,d

< y=7"(x)and (7(e;),z) > \; Vj=1,...,d

< y=7r"(x)and (uj,z) > N\; Vj=1,...,d

— y=7"(r)and z € A <= y e (A)
thus im 7* Nimvy = 7*(A). However, by exactness of the sequence we have
that im7* = ker:*. Hence ker:/* Nimey = 7*(A). But ker:* Nim is
precisely ¥(Z), thus ¥(Z) = 7*(A). We knowA is compact, so 7*(A) is
compact. Consequently, as ¢ is proper, Z is compact. Therefore we have
shown that Z is connected and compact and so a quotient space of Z will
be connected and compact.

The next step is to show that T™ acts freely on Z. Suppose F is a face of
A of codimension k. Then there exists a set I = {j1,...,5x} € {1,...,d}
such that p € F if and only if
<UjT,p> = )\jr \V/jr € []: S <7T(€jr>7p> = )\jr VJT € []:
e <€jr, TF*(p)> = /\jr VJT S I]:.
Hence for z € Z
U(z) €T(F) = |z, P+ XN, =N, Vi €lr
< Zj, =0 VJT € [_7:.
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Then define the sets
Z|]::{Z€ZIZJ‘TIOifjr€I]:}

and
Td|]:: {(xl,...,xd)—i—Zd S Td:xl =0ifl g]]_‘}
Then T?| 7 is contained in the stabliser of 2 € Z|x for the T? action. If F is
a face of F then T?|z C T|£.
Aside

Define F to be the ‘interior’ of the face F i.e. the subset of F that is
disjoint from any face of lower dimension. Then if p € F we have that
(w,p) > N forall L € {1,...,d}\ Ir thus if (2) = 7*(p) then z; = 0 if
and only if j € Ir. Defining the set

Zlp={2€2:2,=0 < jels}

then T?|# is the stabiliser of z € Z| for the T? action.

Now suppose F is a vertex. Then |Iz| = n. Without out loss of generality,
set Ir ={1,...,n}. For z € Zz, the stabiliser of z is

T = {(x1,...,7,,0,..., 0y +Z4 € T¢ :2y,..., 2, € R}.

which is a subgroup of T?. By definition of a Delzant polytope, the u, ..., u,
form a Z-basis for Z". Hence # restricted to T% is a group isomorphism, in
particular, a group monomorphism. Thus ker # N T% is trivial. Exactness
gives 7(T™) = ker, therefore the stabiliser for each z € Zx for the T™
action is trivial. Then for any face F' containing the vertex F the stabiliser
for each point in Z# for the T™ action is contained in the stabiliser for each
point of Zr and so is trivial. Consequently, we have shown that T™ acts
freely and Hamiltonially on Z thus by theorem 2.17 we can reduce the space
to form the symplectic manifold Ma with reduced symplectic form wa. The
dimension of M is 2d — 2m = 2n.

Now we will show there is a Hamiltonian T™ action on Ma. Again, let
F be a vertex of A. Then as before, 7 restricted to T% # is an isomorphism.
Thus it has an inverse o: T" — T? so we have that o is a right inverse for 7.
Thus we have that the sequence (%) splits so we have that (¢,0): T™ & T" —
T is an isomorphism. Therefore T™ has an action on Ma. But is this action
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Hamiltonian?

Consider the composition ¢* o ¢ o 7 where 7 is the inclusion of Z into C%.
Then as v is the moment map for T?, a fortiori it is equivariant under the
T™ action, and as T? is abelian, it is constant along T™ orbits. Thus the
composition ¢* o 1) o 7 descends to the quotient, giving us a unique map
pa: Ma — (R™)* such that yp op =0* o1 o7. Then

im pip =1impa o p

We also have that the action of T™ on My is effective. Again by 2.11, the
moment map for the T" action is c*otpor. Let X € R™ and let fundamental
vector field for the T™ action on Z be ¢(X). Thus

P ((dpa, X)) = (d(pa o p), X) = —to0)T'w = —Le(x)P"wa

Then p is a submersion so its pullback is injective thus we have that pa is
actually the moment map for the T™ action.
O

The symplectic form on C? is Kéhler (see [2]) and as the action of T™
preserves the complex structure of Z, the reduced symplectic form is also
Kahler.

Corollary 3.4. ua: Ma — A maps the fized points of the T" action bijec-
tively onto the vertices of A.

Proof. Let F be a vertex of A. Then as in the proof of 3.3, there is a section

o: T" — T thus
T¢ >~ T™ ¢ T (1)
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Figure 1: Delzant polytope for CP?

U9 U3

]

However we have also that for each z € Zz T" is the stabiliser of z for the
T9 action in the decomposition (f). Notice however that T¢ acts transitively
on Zz. Pick a z € Z¢. Then we have

Z;=T 2=(T"®T") - 2=T" 2

hence T™ acts transitively on each Zz so each Z; is projected down to a
single point on which T™ fixes. We also have that these are in bijection with
the vertices of A. O

Example 3.5. For n € N5, define the n-simplex as the convex hull A" of
the points
0,e1,...,€e,

where ¢; is the ith standard basis vector of R™. A™ is then an n-dimensional
Delzant polytope. Described in terms of the dual space, we set the inward-
pointing normal vectors as

w=e forl1 <i<n

and

n
Up4+1 = — E €;
i=1
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Figure 2: Delzant polytope for second Hirzebruch surface

.

Uy Us
UgT
with weights \; =0 for 1 <7 <mn and A\,;; = —1. In the standard bases our
maps are
1] 1 0 0 —1]
1 01 0 0 —1
= (1], =10 0 ° 0 —1
1] 00 -+ --- 1 =1

with (* and 7* their transposes. Thus we have that
12|z [
. 1 n+1
Fog)x) =1 - 1 1}- : — =Sy —1
j_
12| zn 01 — 1

Then just as in example 2.15 we have that Ma» is diffeomorphic to CP".

Example 3.6. Define A} as the convex polytope defined by the vertices
(0,0), (n+1,0),(1,1),(0,1) € R%. Then A}, is a Delzant polytope. In terms
of the dual space, we have

u = (1,0) A =0
ug=(=1,—n) | Ay =—-n-—1
Uz = (0, ].) )\3 =
U4_<O,—1) )\4:—1



Then in the standard basis our maps are

1t =10 0
’ ™10 —n 1 -1

with ¢* and 7* their transposes. Then we have that

O ==
—_ -0 O

) 1/2|z|?
.k 1110 —n 1/2]20* —n — 1
e =1o 0 1 1| | ifaP
- 12|24 — 1

|z P 12|z = nf2lza? = 1
12232 +1/2]24* — 1

Thus our Delzant space is

2 2_ 2:2
MAg = {(21,z2,23,24) c 4 [l Hlz2P—n|zl }/TQ

|23] +]2a]?=2
where T? (now viewing it as a multiplicative group) acts on (:* 0¢*)~1(0) by
(t1,t2) - (21, 22, 23, 24) = (t121, t122, tazs, tat] " 24).
It not immediately clear however what Man actually is — at least topologi-

cally.

3.2 Complex Construction

We want an analogous construction to Delzant’s where we complexify the
torus action, which will simplify the subset of C¢ that we are quotienting by.
As before, the ‘Delzant data’ forms a short exact sequence

0 y Rm —- 5 R4 T 5 R > 0

where in the standard bases ¢ and 7 are integer matrices. Then we have the
complexification

e el
0 > C™ y Cd > C» > 0

L

0 —— Cm/zm —= Cdjzd < Cr/Z — 0
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which is still exact. We still have that (¢ and 7¢ have integer matrices thus

we can quotient to get a short exact sequence of complexified tori. In fact as

tc and ¢ are integer matrices, as additive groups we can decompose
C™/7"™ =T™ @ iR™. (%)

Likewise for d and n. Define T = C™/Z™, similarly for d and n. Then T%
has a proper action on C¢ by

([e1] +iya, - [n] Fiyn) - (21,0, 20)
= (627ri($1+iy1)21, Ce 7627ri($n+iyn)2n)
— (627rix1€—27ry1 2, eQﬂixne—Qﬂ'yn Zn)

where [z;] is the conjugacy class of z; € [0,1). As in the proof of 3.3 we have
that for each face F of A

Zlp={2€2:2,=0 < jelr}
are the orbits of the T? action. For the T¢ action, we define
Clr={weC w=0 < jelr}

which is a TZ orbit. N.B. that the stabiliser for this action in terms of the
decomposition (x) is
T r @ iR%|

where

Rilp={r cR":23,=0 < j &Iz}
From the proof of 3.3 we know that ic(T™)NTY| £ is trivial. The same proof,
mutatis mutandis, shows that tc(iR™) NiRY|x is also trivial. Thus T acts
freely on C?| 2. Collecting together all these orbits as

Cla= U ¢z
F face of A

we have that T acts freely on C%|a.

Next, we want to show that C?|a is an open subset of C? and so is
a complex manifold. Consider A, a face of itself. Then In = @ hence
C?| 4 = (C*)? which is open. Now suppose w € C% z. Then if j & Ir, w; # 0
so set By, as some open ball in C* containing w;. Then if j € Ir, w; =0 so
set B, as some open ball in C around 0. In each case then, we have that

Bu, C proj;(C|3 UC!|z) € proj,(CY]s)

so that the cartesian product of the B;’s is an open subset contained in C%|5
around w. Hence C%|, is open.
The next proposition shows that the two definitions of Ma are compatible.
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Proposition 3.7. Z C C%, and each T orbit in Cla intersects Z in a
T™ orbit.

Proof. See [6] theorem 1.4 appendix 1. O

Example 3.8. For A" the collection of I are all the proper subsets of
{1,...,n,n+ 1}. Thus C"™{pn = C"\ 0, and C* acts on C"™|an by

- (Wi, .o Wy, Whyt) = (QW1, ... QW QWL ).

Example 3.9. We return to example 3.6 and consider the complex construc-
tion. Label the faces of Afj as in the diagram below.

d cd c
b
ad abed c
a ab b

Then computing C*| + for each face

face F | Ir | C*| -
a {1,3} | 21,23 =0 and 25,24 # 0
b {2,3} | 29,23 =0and 2,24 #0
c {2,4} | 29,24 =0 and 21,23 # 0
a {1,4} | 21,24 =0 and 23,23 # 0
ab {3} | z3=0and z1,29,24 #0
be {2} | zo=0and 2z, 23,24 #0
cd {4} | zz=0and z1,29,23 #0
ad {1} | z1=0and z9,23,24 #0
abed 6] 21, %2, %3, 24 # 0

Thus
C4|A;; = {(21, 22,23, 21) € C" 2 (21, 22) # (0,0) and (23, z4) # (0,0)}

where (C*)? acts on C*

ap by
(a1, ) - (21, 22, 23, 24) = (121, 121, Qa23, Qar] " 24).

It is much easier now to see what May is, but first we will need a definition.

22



Define for n € Z
L(,n) = ((C2 \ 0 x (C)/ ~(—n)

where
(u, v, w) ~p) (qu, v, 0 "w) o€ C*.

Define ¢: L(_,y — CP' = S% by ¢: [(u,v,w)] = [u,v] . Then L(_, is a
complex line bundle on CP!. Some specific examples are

o Lo is the trivial line bundle.
e Ly is the tautological line bundle.
e Ly is the line bundle associated to the Hopf fibration.

Consider then the complex vector bundle L_,) & C where C is the trivial
line bundle on CP!. Then we construct its associated projective bundle
P(L(—ny ® C) where the fibre above [u, v] is

((L(fn)[uﬂ,} D (C) \ O)/ ~
where (w, z) ~ (fw, Bz) for § € C*. Then we can see that
MA’}II = P(L(_n) @Q) =: H,,.

For n > 0, H,, is called the nth Hirzebruch surface. Topologically, they are
a family of S?-bundles over S%. Hy is just CP' x CP'. We have now shown
that they are compact Kéahler manifolds of dimension 2n with an effective
Hamiltonian T™ action.

4 Geometric Quantisation

4.1 The Idea

Classical Mechanics:

In the Hamiltonian formulation of classical mechanics we view the state of
some mechanical system as a point p € M on some smooth manifold M,
endowed with a symplectic form w. M is called the phase space of the
system, the prototypical example being the cotangent bundle T*(W) of some
arbitrary smooth manifold W endowed with the canonical symplectic form
as in example 1.9. Here W describes the ‘position’ or ‘configuration’ space
of the system, while the tangent space describes the ‘momenta space’. The
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physics of the system is defined by some smooth function H on M which
describes some conserved quantity of the system, typically the total energy.
The Hamiltonian vector field Xy associated to H then describes how the
system behaves with respect to time. An observable of the system is a smooth
function f € C>(M). The vector space C>*(M) comes with a Lie algebra
structure, the Poisson bracket. In particular for an observable f, {f, H}
describes how the observable changes with the time evolution of the system
—if {f, H} = 0 then f is called a conserved quantity of the system.

Quantum Mechanics:

We now give a brief description of what we define as a quantum system.
The underlying set is a (separable) complex Hilbert space H. States of the
quantum system are ‘rays’ in H i.e. complex lines {\v : A € C} with v € H.
The quantum observables are self-adjoint operators mapping H into itself.
Given two such observables A and B, we have that their commutator [A,B] is
skew-adjoint, thus i[A, B] is self adjoint. Therefore we can equip the quantum
observables on ‘H with a Lie algebra structure.

At this formal level, there seems to be some similarity between these
two structures. The aim of quantisation is to formalise this similarity by
a programme that takes some classical system and outputs a quantum one
while preserving as much structure as possible. Geometric quantisation in
particular attempts this by focusing on the geometry of the state space itself.
Given a symplectic manifold (M, w), we want to associate to it some separable
complex Hilbert space H where we can send classical observables on M to
quantum observables on ‘H in some ‘functorial” way. Explicitly we want a an
injective (possibly partial) mapping Q from the smooth functions on M to
the self-adjoint operators on H such that for smooth functions f and g

Q1 (linear) QNf + pg) = AQ(f) + uQ(g) for real scalars A, u,
Q2 (normalised) Q(1) = idy, and

Q3 (Lie morphism) [Q(f),Q(g)] = ihQ({f,g}) where h is the reduced
Planck constant.

If we have found a Q and H satisfying Q1 to Q3 then we say we have
prequantised the system (M, w).

First Attempt
(following [4]).
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Let (M,w) be our symplectic manifold of dimension 2n. The simplest
route would be to consider C°(M,C), the collection of smooth complex-
valued functions on M with compact support. This is certainly a complex
vector space with inner product

w/\

n

)= [ G

n!

Define C as its completion as a Hilbert space. We already have ample linear
operators on this space — vector fields on M are derivations of C*(M)
thus can be extended to linear operators on C2°(M,C) and hence to C. For
each function f € C*(M) we already know how to associate to it such an
operator, its Hamiltonian vector field X; Leaving for now the question of
whether this operator is actually self-adjoint, could we define G by sending
a function to its Hamiltonian vector field? Certainly f +— thX satisfies Q1
and Q3, however X; = 0 so it fails condition Q2.

We could try to ‘bodge’ this map by adding f itself. Set G: f +— ih X+ f
where f acts as linear operator by multiplication. This satisfies Q1 and Q2,
however checking Q3 we see that for ¢ € C

G(1),G(9))(¢)
= [iiX7,ihX,)(9) + [f,iiX,)(¢) + [ih X, g() + [, 9)(0)
=~ X(1,0)(0) + iR X (0) — Xo(f0) + X(90) — 9X ()
= —1* X (5,0 (0)
+ih(fXy(0) — [Xg(0) — Xg(f)d + gX1(8) + Xf(9)0 — gX((0))
= —1*X{;.(8) + ih(—{g, £}(&) + {f. 9}(9))
= ihG({f,9})(o) +ih{f, g} (o).

Where line [a] follows from proposition 2.3 and as the commutator of func-
tions is zero. Line [b] follows by the product rule.

So Q3 fails as we have an extra {f, g} component. To make this easier
for ourselves, assume for a moment that w is exact with potential form «.
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Then we have that®

{f.g9}- 0

= w(Xy, X,) - ¢

= da(Xy, Xg) - ¢

= Xp(a(Xy)) - & = Xy(a(Xy)) - ¢ — a([Xy, Xg]) - &

= (Xf(a<Xg) Q) — a(Xg) Xf((b))
— (Xy(a(Xy) - ) — a(Xy) - Xy(9))
—a(Xygy) - ¢

= [ X5, a(X)|(9)] + [Xg, a(X())(¢) — a(Xis,gy)-

Now the way is clear: if we set G: f +— ihX;—a(Xy)+ f we have satisfied
conditions Q1, Q2, and Q3. In fact, although we will not prove it just yet,
G(f) is self-adjoint. However, this all relies on the fact that w is exact. We
want to be able quantise Delzant spaces — and compact manifolds cannot
have an exact symplectic form by proposition 1.5.

Due to the Poincaré lemma we can still do this operation locally, on a
contractible open subset of M. We could then try to ‘glue’ the 1-forms «
together — which brings us to the concept of line bundles.

4.2 Complex Line Bundles,
Connections, and Curvature

(adapted from [12]).

Complex Line Bundles

Definition 4.1. A triple (L, 7, M) is a complex line bundle if
e L is a smooth manifold and 7 is a smooth surjective map.

e For every x € M, the fibre L, := 7~ ({z}) has a 1-dimensional complex
structure.

e For each x € M there is an open set U 5> x of M and a diffeomorphism

Y: U x C— 7 1(U)

Shere - is ordinary pointwise multiplication
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such that
UxC—Ys 7 Y(U)

o, |
U

commutes, where proj; is projection on the first factor, and for each
p € U the map z — 9(p, z) is a C-linear isomorphism.

The manifold L is called the total space, M is called the base space and
each pair (U, ) is called a local trivialisation. A section on an open subset
U is a smooth map s: U — L such that m o s = idy. Suppose (U, 1)) is
a local trivialisation. As for each p € U the map z — ¢(p, 2z) is a C-linear
isomorphism, it is given by multiplication by an element sy (p) € L,\0 = C*.
Then the map, a local section, sy: U — L is smooth is nowhere vanishing
on U. We call such a map a local frame. This means that for any section
o its restriction to U is given by o|y = fusy where fy € C*(M) ® C =:
C& (M) is a smooth complex-valued function on M. If (V, ¢) is another local
trivialisation, there exists a smooth map gyy: U NV — C* such that on
U NV we have sy = gyysy. See [12] for more details.

So we see that there is a correspondence between complex valued func-
tions on a trivialisation U and sections of L on that trivialisation. Thus the
Hilbert space we want will have the underlying vector space as C(M, L), the
completion of ” I'(M, L), with respect to some inner product we define soon.
In order for the vector fields Xy to act on I'(M, L) we will require a notion
of how to differentiate sections.

Given a complex line bundle 7: L — M define:

1. QL(M) = T'(M, N’ T*(M)) the smooth complex p-forms on M. If
p = 0 we have that Q2(M) = C¥ (M) = C*(M) @ C.

2. QL(M,L) =T'(M, N’ T*(M): ®L) the smooth complex p-forms on M
with values in L. If p = 0 we have that Q2(M, L) = I'(M,L).

N.B. that the ordinary real-linear exterior derivative d on Q°*(M) can be
extended to a complex-linear exterior derivative on Q% (M), see [12].

Connections

Definition 4.2. A connection on a complex line bundle 7: L — M is a
C-linear map

V:T'(M,L) — Q&(M,L)

Tgenerally one would require the sections to have compact support
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such that for f € C¥ (M) and s € I'(M, L) we have that it satisfies a ‘product
rule’

V(fs)=df ® s+ fVs.

It is almost immediate from the product rule that V is a local operator:
it is enough to show that if a section s is zero on some open set U of M then
Vs|p is zero for every p € U. Suppose then that p € U and o is zero on U.
Then choose some bump function ¢ which is compactly supported in U and
such that ¢(p) = 1. Then we have that ¢s is identically zero on M. Thus as
V is linear V(¢s) = 0. Then applying the product rule we see that

0=V(ps) =dop® s+ ¢Vs.

But we have that d¢ also has support contained in U, hence ¢Vs = 0, and
evaluating at p we have Vs(p) = 0, therefore V is a local operator and we
will not differentiate between V and V|y.
Let us look then at how V acts locally. Suppose sy is a frame defined on
U. Then
V(sy) = ay ® sy for some ay € Q&(U)

where ay is called the connection 1-form of V with respect to the local frame
sy. Now suppose o is a section, and let its restriction to U in terms of the
frame sy be fysy. Then we have

V(oly) = V(fusv) = (dfv + fvav) ® su,

so on U we have V = d + ay.

There seems to be a similarity between V, which takes sections to 1-forms
with values in L, and the exterior derivative, which takes functions to 1-forms
on M with values in C. We want to extend how vector fields are derivations
of smooth functions to ‘derivations’ of sections. Notice that for a vector field
X and smooth function f we have that X(f) = df(X) = txdf. Applying
the same idea to V we define

Vxs:=1xVseI'(M,L)

for X € Xc(M) and s € I'(M, L), which we call the covariant derivative of
s in the direction of X. Then linearity of the interior product gives us that
Vxsis C¥F(M)-linear in X. Suppose that X = >~ X;0/0z; in some coordinate
patch U. Then

VXs = szia/azjs = ZXiva/BIjS

thus the value of V xs at p only depends on s in some arbitrary neighbourhood
of p and the value of X at p.
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We can extend a connection V uniquely to a C-linear map
V: OL(M,L) — Q%M L)
by setting
V®o)=dB®o+ (-1’8 A Vo for f € QL(M) and 0 € T'(M,L).
Consider again the local frame sy from before:

V3(sy) = V(ay ® sp)
= day ® sy — ay A V(sy)
=day ® sy —ay AN ay ® sy
=day ® sy

so unless all the connection 1-forms are exact, V? is non-zero — in contrast
to the exterior derivative. Now suppose sy is another frame on V' so that
there is a transition function gy such that sy = gyysy. Then on U NV we
have

Visy = V3 (guvsy)
= V(dgov ® sy + guv A ay @ sy)
= ddgyy ® sy —dguv A ay ® sy
+ dgpv A ay @ sy — guvay A ay @ sy
= —dguv Nay ® sy +dguv A ay & sy + guy day ® sy

= guv day ® sy.

Hence
day ® guy ® sy = gy day @ sy

thus as sy and gyy are non-vanishing on U NV, we have day = day on
UNV. Accordingly, there exists a globally defined 2-form §2 such that for any
frame sy we have V3(spy) = Q ® syy. N.B. that although on each trivialising
neighbourhood U we have 2 = day, € is not exact as (for non-trivial line
bundles) ay is not globally defined. However it is then locally exact thus is
closed, a local property.

Q) is called the curvature form of the connection. As mentioned before, we
are more interested in using the connection to apply vector fields to sections.
So how does this curvature form act on vector fields? Let sy be a locally
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defined frame and X,Y € X¢(M). Then
Q(X, Y) X Sy = lylx dOéU X SU
=ixdiyay ® sy — ty dixay Q sy

—lx,y)0U @ Sy
= VxVy(s.) — ay(Y)ay(X)suy
— VyVx(sv) + ay(X)ay(Y)sy — Vixysu.

Thus globally we have ty1xV? = VxVy —VyVx—V/xy]. The percipient
reader may already see the similarity® between this and how we tried to fix
G carlier.

Hermitian Structure

We are interested in complex line bundles with more geometric structure.

A hermitian structure on a complex line bundle L —— M is a smooth
choice of hermitian metrics on each fibre of the bundle. Explicitly, for each
x € M, hy(-,-) is a hermitian metric on L,: For each u,v € L,

e h,(u,v) is linear in u,
he (1, v) = he (v, u),
hy(u, w) > 0 for u # 0,

and if o, n are sections, then h(o,n) is a smooth function.
Then a connection V is said to be a hermitian connection compatible
with h (or a h-connection) if for all sections o, we have

dh(a,n) = h(Vo,n) + h(o, Vn).
For each frame sy define the (real) function hy = h(sy, sy). We see that
th = h(VSU, SU) + h(SU, VSU)

= h(ay ® sy, su) + h(ay @ sy, sy)
= hU(aU + @)

Differentiating both sides we have
0 = dhy A (ay +ag) + hy(day + dag)

= hy(av +ay) A (apy +ag) + hy(day + dag)
= hU (dOéU + d@)

80r rather, connection.
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However as dis actually a complexified real-linear function we have day =
day; thus
jm(dozU) = dO[U + dO./U =0

hence day is purely imaginary-valued, and thus so is ). Indeed, if sy is a
unitary frame, i.e. hy = 1, then dhy = 0 hence oy is also purely imaginary-
valued. We can always normalise a frame to make it unitary.

If the base manifold is complex, then we can also consider holomorphic
line bundles where the total space and projection maps are holomorphic.

So far we have not actually shown a connection actually exists, but we
will prove this for Delzant spaces later.

4.3 Prequantisation

Theorem 4.3 (adapted from [4]). Let L be a complex line bundle over a
compact 2n-dimensional symplectic manifold (M,w) with hermitian metric h
and a h-connection V with curvature form Q = (i/h)w. Then let L*(M,L)
be the completion of T'(M, L) with respect to the inner product

W™
<81,82>:/j‘4h(81782>m.

Then L?(M,L) is a Hilbert space and we have a mapping
G: f— iﬁVXf +f

that sends smooth functions on M to self-adjoint operators on L*(M,L) such
that for all f,g € C*(M) and X\, p € R we have

1. Q(Af + ng) = AQ(f) + 1nQ(g)
2. Q1) = id 2w
3. [Q(f), Qg)] = ihQ({f. g})-
Then we say we have pre-quantised (M, w).

Proof. Q1 follows from the linearity of assigning Hamiltonian vector fields
and of V. Q2 is clear. Let us now show we have finally solved Q3. Let
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s, 1, So be sections. We have

[Q(f), Q(9)](s) = [ihV x, + [,iliV x, + g](s)
= —1’[Vx,,Vx,](s) +ih[Vx,, g](s) + ih[f, Vx,](s)
= —ﬁz(VXfVXg - Vx,Vx;)(s)
+ih(Vx,(g9s) — gV Xys — Vx,(fs) + [Vx,s)
- —ﬁQ(V[XﬁXg]s + Q(Xf, X,)s)
+il(Xf(g9)s + gVx,s
— gV Xps — X, (f)s — [Vx,5 + [Vx,s)
= Vx5 — iw(Xy, Xg)s + 2il{ f, g}s
= ih(ihVx, s +1{f,9}s)
= ihQ({f, 9})(s).
Line [b] follows from line [a] as tytxV? = VxVy — VyVy — Vixy].
Now to show Q(f) is self-adjoint. We make two preliminary observations.

Firstly, f is real thus h(fs1,s2) = h(s1, fs2). Secondly, V is a h-connection
thus

Xy(h(s1,82)) = vx; dh(s1,82) = h(Vx,s1,82) + h(s1, Vx,s2).

We have
wn
(Q(f)s1, 55) — / WY x50+ Fs1, )7
w
:zﬁ/ Xy¢(h(s1,52)) s

. w
— Zﬁ/]\/l h(Sl, VXfSQ)H

n

w
h il
+ /];4 (817 fSQ) n
Therefore to show Q(f) is self-adjoint all we need to show is that

wh
X — =0

where g = h(s1,s2). We know that X is Hamiltonian thus Lx,w = 0. Ergo

Ly w" = (ﬁxfw”_l) Aw+w" A Lxw=(Lx,w" ") Aw

f
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so by induction we have that Lx,w" = 0. Hence

n

w” w w
Lx, (gm> = (Lx;9)— +9Lx, (E) = (Lx,9)

n!

w™ w™
nl

But then gw™/n! is a top-form thus

w" w" w" w" w"
Xf(g)m = Lx, (gm) =X, d(Qm) + d(LXfQH) = d@xﬂm)-

Therefore, as M is compact and without boundary, Stoke’s theorem gives us

w” w™
/MXf(g)m :/Md(bxfgm> =0

4.4 Line Bundles over Delzant Spaces

(adapted from [1] chapter VII). Delzant spaces can be described combinato-
rially and as we shall now show, we can describe a nice class of holomorphic
line bundles over them in a similar manner.

Let A be a Delzant polytope. Recall that in the complex construction we
associated to each face F a subset I C {1,...,d}. These sets together with
the map RY ™ R” is all we needed for the complex construction of M.

Choose some linear map ¢ : R? — R that is integral, in the sense that
g(Z™) CZ. Set

uf = (uj,g(e;)) for j=1,....d
u2+1 = (07 1)
and for each face F
I =1Ir
I =1rU{d+1}
and for the maps ¢, 7 set

m(e;) = uf, W= (1,—gou).

And so we have a short exact sequence

L s

0 — s R™ Yy Ra+1 ™ L Retl
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Then as before, define
C™p={weCH 1w =0 < jelr}

and
CHlp, ={weCw; =0 <= j€lr},

and then
Cd+1|i _ U ((CdJrllji— U Cd+1|]_-°+).
F face of A
Thus to actually complete the construction in the same way (although our
construction will not be compact of course) we only need to show that T
acts freely on C4™1 4. Now a ‘vertex’ in this set up is given by Ir, where F
is a vertex of A. Then suppose

I]—‘+ - {jl,,]n,d+1}

Now, if we show for each vertex F the vectors uf ,...,u} ,uj,, are a Z-basis
for Z™"*1, then we can use the same argument as in the complex construction
to show that T acts freely on C?*!%. However we know that uj,, ..., u;

form a Z-basis for Z". Thus

(ujn 0)7 R (ujd70)7 (07 1)

is a Z-basis for Z"™!. But each g(e;) is an integer so the Z-span of the vectors
above is the same as

(ujl’g(ejl))7 SRR (ujd7 g(ejn))v (Ov 1)

so we are done. Then denote C14% /T% by M. Thus M% is a complex
manifold with an effective T"*! action.

Now we need to show that MY is actually a holomorphic line bundle over
MAa.

First notice that

d

CdJrl‘j_- — (Cdl]-‘ % CX

and
CH gy =CYz x 0.

Thus C4 |4 = C%a x C, so we have a projection map ¢: CH% — Cé|a
with fibres C. Then the T action? on C4T[% is

2mic(v1) 2mic(vg) Wd+1 )

v (Wi, ..., We, way1) = (e wy,...,€ wdum

9For notational ease we have replaced (¢ with ¢.
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thus ¢ is T{#-equivariant and so descends to the quotient
Cd+l|gA q Cd|A

| J

MY —— My

and so we can see that M2 is indeed a holomorphic complex line bundle over
MAx.

Example 4.4. Here we consider CP" as constructed in €3.8. Let m € Z and
define

g: R 5 R
ej— 0 for0<j<n
Ent+1 = M
Then C* acts on C"2|,. by
- (Wi, .y Wott1, Woio) = (Qwi, ..., Wy, & " Wyyo)

Thus M2, is the CP" version of line bundle L_,,) over CP".
Example 4.5. Let A} be as in the Hirzebruch example 3.9. Then define
g:R* =R
er,es — 0
eg— —n—1
es — —1.

Then (C*)* acts on C°|3, by

(ana) - (21, 22, 23, 24, 25) = (121, Q1 22, Q223, 2y " 24, Q1 (2 25).

Principal Circle Bundles

Now we want to construct a line bundle as in the last section and build a
connection on it where the curvature is related to wa. However to do this
we will have to use the concept of a principal S'-bundle. In fact there is a
1 — 1 correspondence between S'-bundles and hermitian line bundles (one
can see why this might be true by considering the unit vectors in each fibre).
We do not have the space to fully develop the relationship between principal
bundles and hermitian line bundles so the following is more of a sketch proof.

See [10] and [7].
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Theorem 4.6. For A a Delzant polytope with X = (A1,...,\q) integral,
then Ma has a holomorphic line bundle with a hermitian connection with
curvature 2miwA .

Proof. Let us add some new notation to the (symplectic) Delzant construc-
tion. Define A = (A1,...,Aq) € (RY)* and n = ¢*(\), which is integral as A
is. Then define v = u —n. Then dn = dy and v=!(—n) = p=*(0). Here then
we are just shifting p and then reducing at where 0 is sent to, so the Delzant
space is the same. Then

¢: C — (Rd)*
1
(z1,...,2q) — 5(]21|2, o |zd|2)

is the moment map for the T¢ action on C? and we have that v = * 0 ¢. Let

Wy = Zdl'] /\dy]

be the standard symplectic form on C?. Then recall that for X7 = e; € R?

its fundamental vector is

; 0 0

X =y b
@ Yj 8xj Ly ay]

Then there exists a potential form for wy

1
a =3 > (jdy; — y; day)

such that

. 1 -
X(; 4 Qg = 5(13? + y?) = (ij
for each j = 1,...,d. Then we also have tha

T*wo and if Y € R™ then

t10 7*ayq is a potential form for

YV J T*OZO = l7y.

Define P = v~'(—n) x S'. Then P is a trivial S! bundle over v~!(—n).
Then define the 1-form' on P

O = 2mit oy + df

and we have

107 is the inclusion of v~1(n)

Ugtrictly speaking we are taking the respective pullbacks of 7% and df to P
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thus © is a connection form with respect to S'. It’s curvature form is
dO = 2miT wy.

P also has a free T™ action where a € T™ acts by a - (z,w) = (a- z,a - w)
where a - w is the T™ action on S! with weight —7 i.e.

a-w=e ™Iy,

N.B. that this action only makes sense as 7 is integral. Thus P — P/T™ is
a principal T™ bundle. We have that © is preserved by the T™ action as

Ly mag=Y, 2 dt*ag+dY, 1 77ay = —dvy +diy = 0.

For the action on S!, the fundamental vector field for Y € R™ is

, 0
—QWZU(Y)%.

Then for Y € R™, the fundamental vector field Yp on P is

m:n—%mw%.

But then
O(Yp) = 2mivy — 2mn(Y)

and for z € v~!(—n) we have oy (z) = n(Y) thus O(Yp) = 0. Hence O is a
horizontal form on P as a T™ bundle, and so descends to a connection 1-form
= on the principal S*-bundle (v~1(—7) x S1)/T™ — v=(—n)/T™. However
the diagram
v (=n) x 8t ——— v7H(-n)
(v~ (=n) x SH/T™ —— v=(=n)/T™

commutes thus the curvature form d= is precisely 2miw .

Thus Z xpm S — My is a principal St bundle with connection = and cur-
vature 2miwa. From this principal S'-bundle one can construct an associated
hermitian line bundle

(Z XTm Sl) X1 C.

We can view Z Xpm S as the principal C*-bundle

Cd’A XT@ (O
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and so we can see that the associated hermitian line bundle is
d X _md _ g
(C|AXT&nC)XCxC—C|AXT&nC—MA

where g is the map defined by g: e; — ;. Then (see [10] section II1.3) the
connection = on Z Xpm S' determines a connection on the hermitian line
bundle (£ xpm S') xg C with curvature form 27miwn. O

Thus to use theorem 4.3 we need to scale the symplectic form:

Corollary 4.7. Given a Delzant space Ma,wa where X is integral, we can
pre-quantise (Ma,2mhwa) with the line bundle defined by g: e; — ;.

4.5 Kahler Polarisation

So far we have managed to build a prequantisation of our Delzant spaces.
The reader may be wondering why this is a prequantisation — what then is
a quantisation?

Definition 4.8. Let M, w be a symplectic manifold of dimension 2n. A com-
pletely integrable system is a collection of n functions fi,..., f, such that
they pairwise Poisson commute and their differentials are linearly indepen-
dent on an open dense subset of M.

Example 4.9. Suppose M is a Delzant space of dimension 2n. Then it has
an effective Hamiltonian T™ action with moment map

fa = (firo oo fa): Ma = (R™)* 2 R™.

Then straight away we have that fi,..., f, Poisson commute. Let p € M
and suppose X,..., X, are the standard basis vectors of R™ so that

dfjlp = wp(v, X;lp) for all v € T, M.

Thus if we had some scalars ay, ... a, such that 377 a;df;],(v) = 0 for all
v e T, M then

wp(v, Y a;X;],) =0 for all v € T, M
j=1

and so by non-degeneracy of w we have that Z;‘:l a; X;|, = 0. However, one
can see from the Delzant construction that there is an open dense subset of
C? where T? acts freely, namely the preimage of the interior of A. Under the
quotient, T" still acts freely on this open dense subset of M. Thus if p is in
this set we have Z?Zl a; X; = 0 thus the a,...,a, are zero and so we have
that f1,..., f, form an integrable system.
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The problem with just taking a prequantisation is that the space of sec-
tions L?(M, L) is to ‘big’. If we have a completely integrable system as above,
the operators that they get sent to do not form a complete set of quantum
operators (see [4] for the quantum definition). This means that we may have
a classical system that we can fully solve but not its corresponding quantum
system. The work around is to attempt to half the Hilbert space using some-
thing called a polarisation. In general this is a complicated process which
makes the quantum system even more esoteric however for Kahler manifolds
all we have to do is restrict ourselves to holomorphic sections 'y (M, L) of
a prequantum holomorphic line bundle (see [4]). We shall now see that in
the case of Delzant spaces there is a straightforward way to calculate the
dimension of this new Hilbert space.

Lemma 4.10. For a Delzant polytope A we have that C*\ C%a is a union
of complex submanifolds of C? of codimension at least 2.

Proof. If z € C?\ C%a then it cannot have all non-zero coordinates as
otherwise it would be in C?|z. Furthermore the indices of its zero coordinates
cannot be Ir for any face F of A. In particular each j = 1,...,d, the face
defined by u; is in A thus z must have at least two zero coordinates thus is
an element of a complex codimension 2 submanifold of C%. O]

Lemma 4.11. If A is a Delzant polytope, then any holomorphic function
S Cd|A —C
can be extended uniquely to a holomorphic function on all of C2.

Proof. This follows from lemma 4.10 and the Second Riemann Theorem as
seen in [5] which states that for an analytic set A in D C C? such that
dim A < d — 2 then every holomorphic function f in D\ A has a unique
holomorphic extension f to D. O]

Theorem 4.12 ([8]). Let A be a Delzant polytope with X integral, and M$
the holomorphic line bundle over Ma as in REF. Then the dimension of
Chot(Ma, MY) is equal to Z%, 0 (%) (¥ (N))-

Proof. If s is a holomorphic section of MY, then we can consider it as a
holomorphic T{-equivariant function

S: (Cd‘A — C
and thus by 4.11 it has a unique extension
i:Cli—>C
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where it is T-equivariant on C?|5 which is dense in T? thus is T/-equivariant
everywhere. Then write s as its Taylor series

5(z) = Z arz’

d
rezd,

where we are using multi-index notation. Then consider just one term z’,

where I = {ji,...,ja}. If v € T4 then

(U . Z)I _ (627riv1 21, 627rivdzd)l _ (627rij1v1 Z{l) . (627rijdvdz§d) _ e?ﬂil(v)zl

where we view I as an (integral) element of (R?)*. Then if v € T we actually
have

(U . Z)I — eQﬂiL*(I)(v)ZI

and since the action of T on C is given by

v - ZI — 6727” ()\)(v)ZI

we must have (*(I) = ¢*(—\) and the result follows. O

Corollary 4.13. The dimension of T'po(Ma, MX) is equal to the number of
integer lattice points in A.

Proof. See [ref] claim 1. O

Example 4.14. Finally, let us return to our two favourite examples of
Delzant spaces. For example 3.8 the integer lattice points in A™ are the
corners thus the dimension of the quantised space is n + 1. For the Hirze-
bruch surfaces, in our construction 3.9 for any value of n the vertices are the
only integral points and therefore the quantised space has dimension 5.
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Notation

Jm

imaginary part

T(M), Tc(M) tangent space and complexified tangent space

C>®(M),CZ(M) | smooth real/complex valued functions on M

X(M),%(M)c | vector fields and complexified vector fields on M.
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